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a b s t r a c t

In this work, the thermoelastic interaction in a nano-scale resonator based on two-temperature Green-
Naghdi model is established. The nanoscale resonator ends were simply supported. In the Laplace’s
domain, the analytical solution of conductivity temperature and thermodynamic temperature, the dis-
placement and the stress components are obtained. The eigenvalue approach resorted to for solutions.
In the vector-matrix differential equations form, the essential equations were written. The numerical
results for all variables are presented and are illustrated graphically.

! 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Introduction

By using the thermal relaxation times in constitutive relations,
the couple thermoelastic theory was extended by Lord and Shul-
man [1] and Green and Lindsay [2]. Green and Naghdi [3–5] pre-
sented three new theories of thermoelasticity based on the
entropy equality in the decade of the 1990’s. Through the last sev-
enty years, the elastic theory in non-isothermal problems become
increasingly important. Recently, [6–26] have considered different
problems by numerical and analytical methods.

The thermoelastic theory under two-temperature is one of the
non-classical thermoelastic theories. The main difference between
this theory compared to the classic is the heat dependence. Chen
et al. [27–29] established a theory of thermal conduction in
deformable bodies using another according to two-temperature
(conductivity /! and thermodynamically temperature T!), the clas-
sic Duhem-Clausius inequality has been replaced. Only in the last
decade has the thermoelasticity theory at two temperatures were
observed, developed in many works, and find applications mainly
in problems in which constraints discontinuities not have physical
interpretations. Youssef [30] presented the two-temperature the-
ory of thermoelasticity by generalized Fourier law to the field

equations. El-Karamany and Ezzat [31] established the Green-
Naghdi model with two-temperature. Abbas et al. [32–35] studied
different problems under two-temperature generalized thermoe-
lastic theory by finite element method.

Nano-electromechanical structures have attracted great inter-
est in recent years because of their extremely high resonant fre-
quencies, their small size and their great integration capacity.
The simulation of thermoelastic damping and modeling are a
recurring interest in the micro-mechanics and micro-engineering
community, driven mainly by the recent advancement of MEMS
and NEMS technologies. Thermo-elastic damping is recognized as
a significant loss mechanism at room temperature in microscale
thin beam resonators. Some research in the past investigated
different problems of vibrations and heat transfer processes of
nanoscale resonator taking into account the thermoelastic
theory. Nayfeh and Younis [36–38] predicted that the analytical
expression for the quality factor of microplates subject to the
thermos-elastic damping. Sun et al. [39] studied the quality factor
of microscale resonator. Rezazadeh et al. [40] studied the thermoe-
lastic damping by using the modified theory of couple stress in a
micro-beam resonators. Sharma and Grover [41,42] studied the
analysis of thermoelastic vibrations in Mems/Nems containing
voids. Zenkour et al. [43] investigated the effect of ramp-type
thermal loading in the generalized thermoelastic vibration of an
axially moving clamped micro-beam. Yasumura et al. [44] pre-
sented at room temperature, the thermos-elastic damping in single
crystal-silicon and silicon-nitrid microscale resonator. Sharma [45]
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studied the frequency shift and the thermoelastic damping in
micro-nanoscale anisotropic beams.

This paper investigates the analytical solution of thermoelastic
vibrations in a nanoscale beam due to thermal shock. By using the
Laplace’s transform and the eigenvalue technique, the basic equa-
tions are processed by using analytical-numerical methods. The
numerical computations were made for silicon as a nanoscale
beam, and the results have been verified numerically and are rep-
resented graphically to display the effects of the two-temperature
parameter on the physical quantities.

Formulation of the basic equation

Let us consider a thermally conducting, isotropic, homogenous,
thermoelastic solid initially undeformed and at uniform tempera-
ture T0. The basic governing equations of motion and heat conduc-
tion with and without energy dissipation under two-temperature
in the absence of heat sources and body forces, can be formulated
by [28]:

ðk þ lÞuj;ij þ lui;jj % cT ;i ¼ q @2ui

@t2
; ð1Þ

K! þ K
@

@t

! "
u;ii ¼

@2

@t2
qceT þ cT0uj;j
# $

; ð2Þ

rij ¼ lðui;j þ uj;iÞ þ ðkuk;k % cTÞd ij; ð3Þ

u ¼ T þ au;ii: ð4Þ

Let us consider a thermoelastic beam with small flexural deflec-
tion. Cartesian coordinate systems ðx; y; zÞ has been used as in
Fig. 1. Thus, the vector displacement has the form
uðx; y; zÞ ¼ ðu;v;wÞ and the temperature increment Tðx; y; zÞ, which
have dimension thickness h % h

2 6 z 6 h
2

# $
, width b % b

2 6 y 6 b
2

# $
and

length Lð0 6 x 6 LÞ. That is to say that any plane cross-section ini-
tially perpendicular to the axis of the beam remains flat and per-
pendicular to the neutral surface during bending. Thus, the
displacements can be written by

wðx; y; zÞ ¼ wðx; tÞ; v ¼ 0; u ¼ %z
@w
@x

: ð5Þ

where u is the axial displacement, t is the time and w is the lateral
deflection. The transverse motion equation without the pressure on
the lower and upper surfaces of the nanoscale resonator can be
expressed as

@2M
@x2

¼ %qA @2w
@t2

; ð6Þ

where q is the medium density, M is the cross-section flexural
moment of the nanoscale beam and A ¼ bh is the cross-section area.
Now, the cross-section flexural moment can be expressed as

Mðx; tÞ ¼ %
Z h=2

%h=2

Z b=2

%b=2
rzdzdy ¼ ðk þ 2lÞI @

2w
@x2 þ cMT; ð7Þ

where c ¼ ð3k þ 2lÞat and at is the linear thermal expansion coef-
ficient,T ¼ T! % T0 is the thermodynamic temperature deviation
from the reference temperature T0, k;l are the Lame’s constants,
I ¼ bh3

12 is moment of inertia of the cross-section, r is the axial stress
and MT is the beam thermal moment which written as

MT ¼
Z h

2

%h
2

bTzdz: ð8Þ

The heat conduction equation can be given by [31]

K! @2u
@x2 þ @2u

@z2

 !

þ K
@3u
@t@x2 þ

@3u
@t@z2

 !

¼ @2

@t2
qceT% cT0z

@2w
@x2

 !
; ð9Þ

where K! is the material constant characteristic of the theory,K is
the thermal conductivity,u ¼ u! % T0 is the conductive temperature
deviation from the reference temperature T0, and ce is the specific
heat at constant strain. The relation between the conductive and
thermodynamic temperatures is given by [31]

T ¼ u% a
@2u
@x2 þ @2u

@z2

 !
; ð10Þ

where a > 0 is the two-temperature parameter.

Initial and boundary conditions

Now, the initial and regularity conditions can be given by

wðx;0Þ ¼ @wðx;0Þ
@t

¼ 0; uðx; 0Þ ¼ @uðx;0Þ
@t

¼ 0: ð11Þ

Both ends of the nanoscale beam are clamped:

wð0; tÞ ¼ wðL; tÞ ¼ 0;
@wð0; tÞ

@x
¼ @wðL; tÞ

@x
¼ 0: ð12Þ

Also, we consider the first side x ¼ 0 for the nano-beam is
loaded thermally by ramp-type heating, which gives

uðx; z; tÞjx¼0 ¼ u1ðzÞ
0; t 6 0
t
t0
; 0 6 t 6 t0;

1; t > t0:

8
><

>:
ð13Þ

whereu1 is a function of z, t0 is the ramp-type parameter which is a
non-negative constant. Assuming that the second side x ¼ L of the
nano-beam is thermally insulated which leads to

@uðL; tÞ
@x

¼ 0: ð14Þ

The problem solution

For the present nanoscale resonator, we assumed that the tem-
perature change varies in terms of a sinðzp=hÞ function along the
thickness direction. It reads

uðx; z; tÞ ¼ hðx; tÞsin zp
h

% &
: ð15Þ

From Eqs. (15) and (10), the Eq. (6) take the form

ðk þ 2lÞI @
4w
@x4 þ 2bch2

p2

@2

@x2 h% a
@2h
@x2 %

p2

h2 h

 !" #

þ qbh @2w
@t2

¼ 0:

ð16Þ

Thus, multiplying Eq. (9) by means of z and integrating it along
to z from %h=2 to h=2, yieldFig. 1. Schematic illustration and the coordinate system.
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To simplify the problem, the following non-dimensional quantities
are introduced as

ðx0;u0Þ ¼ ðx;uÞ
L

; ðz0;w0Þ ¼ ðz;wÞ
h

; t0 ¼ c1t
L

; M0
T ¼

MT

T0bh
2 ;

M0 ¼ M
qc21bh

2 ; ðT
0;u0; h0Þ ¼ ðT;u; hÞ

T0
; a0 ¼ L2a; ð18Þ

where c21 ¼ kþ2l
q .

From (18) into Eqs. (16) and (17) it can be reached that (after
dropping the superscript 0 for convenience)

@4w
@x4 þb1

@2

@x2 h % a
@2h
@x2 %b3h

 !" #

þb2
@2w
@t2

¼ 0; ð19Þ

eþ @

@t

! "
@2h
@x2 %b3h

 !
¼ @2

@t2
b4 h% a

@2h
@x2 %b3h

 !" #
%b5

@2w
@x2

 !
;

ð20Þ

where b1 ¼ 24L2cTo
h2p2ðkþ2lÞ

, b2 ¼ 12L2

h2
, e ¼ Lk!

c1k
, b3 ¼ p2L2

h2
, b4 ¼ qcec1L

k and

b5 ¼ cp2h2c1
24kL :

Let us define the transformation of Laplace for a functionHðx; tÞ
by

Hðx; sÞ ¼ L½Hðx; tÞ( ¼
Z 1

0
Hðx; tÞe%stdt; s > 0: ð21Þ

On taking Laplace transform, the Eqs. (19) and (20) reduce to

d4w
dx4 þb1

d2

dx2 h% a
d2h

dx2 %b3h

 !" #
þ s2b2w ¼ 0; ð22Þ

ðeþ sÞ d2h

dx2 %b3h

 !
¼ s2 b4 h% a

d2h

dx2 %b3h

 !" #
%b5

d2w
dx2

 !
:

ð23Þ

The boundary conditions can be written as

wð0; sÞ ¼ wð1; sÞ ¼ 0;
dwð0; sÞ

dx
¼ dwð1; tÞ

dx
¼ 0; ð24Þ

hð0; sÞ ¼ h1
1% e%s t0

s2 t0
;

dhð1; tÞ
dx

¼ 0; ð25Þ

where h1 is a constant. From the Eqs. (22) and (23) can be obtain

d2h

dx2 ¼ a41hþ a43v; ð26Þ

d2w
dx2 ¼ a53v; ð27Þ

d2v
dx2 ¼ a61hþ a62wþ a63v; ð28Þ

where a41 ¼ ðeþsÞb3þs2b4þas2b4b3
eþsþas2b4

, a43 ¼ %s2b5
eþsþas2b4

, a53 ¼ 1, a61 ¼
%a41ðb1ð1þab3Þ%ab1a41Þ

1%aa43b1
, a62 ¼ %a43ðb1ð1þab3Þ%ab1a41Þ

1%aa43b1
, a63 ¼ %s2b2

1%aa43b1
.

Now let us proceed to solve the coupled differential Eqs. (26)–
(28) by the eigenvalue approach proposed [20,21,46–48]. From
Eqs. (26)–(28), the vector-matrix can be taken the following form

dV
dx

¼ AV; ð29Þ

where V ¼ hwv dh
dx

dw
dx

dv
dx

h iT
;A ¼

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
a41 0 a43 0 0 0
0 0 a53 0 0 0
a61 a62 a63 0 0 0

2

6666664

3

7777775

The matrix A has the characteristic equation as

a41a53a62 þ %a43a61 % a53a62 þ a41a63ð Þg2 % ða41 þ a63Þg4 þg6 ¼ 0:
ð30Þ

The eigenvalues of matrix A are the roots of Eq. (30) which define by
the form

g ¼ ) g1; g ¼ ) g2; g ¼ ) g3: ð31Þ

Thus, the corresponding eigenvector ~X ¼ ½X1;X2;X3;X4;X5;X6(T

can be calculated as:

X1 ¼ %a53ða41 %g2Þ; X2 ¼ a43g2; X3 ¼ %g2ða41 %g2Þ;
X4 ¼ gX1; X5 ¼ gX2; X6 ¼ gX3 ð32Þ

According to Eq. (31) and (32), easily one can calculate the
eigenvectors Xj, corresponding to the eigenvalues g j; j ¼ 1 . . .6.
For more information, the following notations will be used

~X1 ¼ ½~X(g¼%g1
; ~X2 ¼ ½~X(g¼%g2

; ~X3 ¼ ½~X(g¼%g3
;

~X4 ¼ ½~X(g¼g1
; ~X5 ¼ ½~X(g¼g2

; ~X6 ¼ ½~X(g¼g3
:

ð33Þ

The general solution of Eq. (29) can be written as follows:

~V ¼ B1
~X1e%g1x þ B2

~X2e%g2x þ B3
~X3e%g3x þ B4

~X4eg1x

þ B5
~X5eg2x þ B6

~X6eg3x; ð34Þ

where B1;B2;B3;B4;B5 and B6 are constants can be calculated by
using the boundary conditions of the problem. Hence, the variables
have the solutions with respect to x and s in the forms:

hðx; sÞ ¼
X3

j¼1

Bjxj
4e

%gjx þ
X3

j¼1

Bjþ3xjþ3
4 egjx; ð35Þ

wðx; sÞ ¼
X3

j¼1

Bjxj
5e

%gjx þ
X3

j¼1

Bjþ3xjþ3
5 e%gjx; ð36Þ

vðx; sÞ ¼
X3

j¼1

Bjxj
6e

%gjx þ
X3

j¼1

Bjþ3xjþ3
6 e%gjx: ð37Þ

To complete the solutions, the constants B1;B2;B3;B4;B5 and B6

must be known. By using the boundary conditions (24) and (25) it
can be reached that

B1

B2

B3

B4

B5

B6

0

BBBBBBBB@

1

CCCCCCCCA

¼

M11 M12 M13 M14 M15 M16

M21 M22 M23 M24 M25 M26

M31 M32 M33 M34 M35 M36

M41 M42 M43 M44 M45 M46

M51 M52 M53 M54 M55 M56

M61 M62 M63 M64 M65 M66

0

BBBBBBBB@

1

CCCCCCCCA

%1 h1 1%e%s t0
s2 t0

0
0
0
0
0

0

BBBBBBBBB@

1

CCCCCCCCCA

ð38Þ

where
M11 ¼ x1

4; M12 ¼ x2
4; M13 ¼ x3

4; M14 ¼ x4
4; M15 ¼ x5

4;

M16 ¼ x6
4;

M21 ¼ %g1x1
4e%g1 ; M22 ¼ %g2x2

4e%g2 ; M23 ¼ %g3x3
4e%g3 ;

M24 ¼ g1x4
4eg1 ; M25 ¼ g2x5

4eg2 ; M26 ¼ g3x6
4eg3 ;

M31 ¼ x1
5; M32 ¼ x2

5; M33 ¼ x3
5; M34 ¼ x4

5; M35 ¼ x5
5; M36 ¼ x6

5;
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M41 ¼ x1
5e%g1 ; M42 ¼ x2

5e%g2 ; M43 ¼ x3
5e%g3 ; M44 ¼ x4

5eg1 ;

M45 ¼ x5
5eg2 ; M46 ¼ x6

5eg3 ;

M51 ¼ %g1x1
4; M52 ¼ %g2x2

4; M53 ¼ %g3x3
4; M54 ¼ g1x4

4;

M55 ¼ g2x5
4; M56 ¼ g3x6

4;

M61 ¼ %g1x1
4e

%g1 ; M62 ¼ %g2x2
4e

%g2 ; M63 ¼ %g3x3
4e

%g3 ;

M64 ¼ g1x4
4eg1 ; M65 ¼ g2x5

4eg2 ; M66 ¼ g3x6
4eg3 ;

Numerical results and discussion

Some numerical values for the physical constants were pre-
sented in order to investigate the theoretical results observed in
the previous section. Assuming that, an isotropic medium like as
silicon material with the physical constants that are listed below
[49]

k ¼ 1:98 * 1011 Nm%2; l ¼ 0:27 * 1011 Nm%2;

T0 ¼ 293 K; q ¼ 1930 kg m%3;

ce ¼ 130 Jkg%1 K%1; at ¼ 14:2 * 10%6 K%1; h1 ¼ 1:

Firstly, a numerical inversion method was adopted to get the
final solutions of thermodynamic temperature, conductive temper-
ature, the components of displacement and stress distributions.
Based on the Riemann-sum approximation method, the numerical
inversion method was used. In the Laplace domain with Riemann-
sum approximation method, the function Hðx; sÞ can be trans-
formed into the time domain Hðx; tÞ as:

Hðx; tÞ ¼ emt

t
Re
XN

n¼0

ð%1ÞnH x;mþ inp
t

! "
þ 1
2
Re Hðx;mÞ

' (
 !

ð39Þ

where Re is the real part, i is the imaginary number unit and that
m ¼ 4:7

t for faster convergence, The numerical experiments stated
that m ¼ 4:7

t for faster convergence [50].
The numerical calculations were carried out using the program-

ming of the MATLAB software for the bundles of materials consid-
ered. Using the data set, Figs. 2–13 show graphically the numerical
calculations of physical quantities with respect to the distance x.
The aspect ratios of the beam are fixed as b

h ¼
1
2 and L

h ¼ 3. When

Fig. 4. The distribution of dynamical temperature vs the length for the different of
two-temprature parameter a.

Fig. 6. The distribution of lateral vibration vs the length for the different values of
ramp-type parameter t0.

Fig. 5. The distribution of axial stress vs the length for the different of two-
temprature parameter a.

Fig. 2. The distribution of lateral vibration vs the length for the different values of
two-temprature parameter a.

Fig. 3. The distribution of conductive temperature vs the length for the different of
two-temprature parameter a.
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h is varied, b and L change accordingly with h. We may set such a
value of the nanoscale beam thickness as h

ho
¼ 1

2 (the basic thickness
ho ¼ 100 nm is used) in the calculations.

The first group studies how the dimensionless variations of
displacement, lateral deviation, conductive and dynamic
temperatures and axial stress vary with different values of the
two-temperature parameter ða ¼ 0:0;0:02;0:04Þ when the time
ðt ¼ 0:1Þ, thickness ðz ¼ h=3Þ and the ramp-type parameter

Fig. 8. The distribution of dynamical temperature vs the length for the different of
ramp-type parameter t0.

Fig. 7. The distribution of conductive temperature vs the length for the different of
ramp-type parameter t0.

Fig. 9. The distribution of axial stress vs the length for the different of ramp-type
parameter t0. Fig. 13. The distribution of axial stress.

Fig. 11. The distribution of conductive temperature.

Fig. 12. The distribution of dynamical temperature.

Fig. 10. The distribution of lateral vibration.
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ðt0 ¼ 0:05Þ remains constants as in Figs. 2–5. It is observed that the
two-temperature parameter has a large effect on the distribution
of field quantities. Fig. 2 shows the lateral deflection variation w
with respect to the distance x. It is noticed that in all cases at the
boundaries, the lateral deflection w vanishes which satisfy the the-
oretical limiting conditions. Fig. 3 shows the variations of conduc-
tive temperature u through the length of the beam x for different
values of two-temperature parameter, and it is seen that the tem-
perature u start from the highest values at the first end of beam
and vary respect to the length to decreases with increasing the
length to close to zero at the second end of the beam which obeys
the boundary conditions. Fig. 4 displays the variations of dynami-
cal temperature T along x for different values of the two-
temperature parameter, and it is observed that the dynamical tem-
perature T starts from the maximum value which depends on the
two-temperature parameter a and decreases with increasing the
length. Fig. 5 shows the stress variation r along the distance x. It
is observed that the stress decreases from its highest magnitude
along to x and closed to zero value to satisfy the boundary
conditions.

The second group investigated how the dimensionless displace-
ment, lateral deflection, conductive and dynamical temperatures
and axial stress varied with the different value of the ramp-type
parameter ðt0 ¼ 0:05;0:15Þ when the values of the time ðt ¼ 0:1Þ,
two-temperature parameters ða ¼ 0:02Þ and thickness ðz ¼ h=3Þ
remain constants. The numerical results were obtained and repre-
sented graphically in Figs. 6–9. It is to be noted that the magni-
tudes of field quantities are large in the case ðt0 < tÞ in
comparison to the case ðt0 > tÞ.

In the last group, Figs. 10–13 presented, in two-dimensions, the
physical quantities of the nanoscale beam at constant value of the
two-temperature parameter a ¼ 0:04, the constant value of the
ramp-type parameter ðt0 ¼ 0:15Þ at the time ðt ¼ 0:1Þ and axial
direction 0 6 x

L 6 1 and wide range of thickness direction
% 1

2 6 z
h 6 1

2. In those figures, one can see the effects of the varying
of thickness on all the studied fields.
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